In this paper a multidisciplinary design optimization framework is developed that integrates control system design with aerostructural design. The equations of motion are derived for a flexible aircraft and used to perform aeroservoelastic analysis. The objective of this framework is to go beyond the current limits of aircraft performance through simultaneous design optimization of aerodynamic shape, structural sizing and control system. The control system uses load alleviation to reduce the critical structural loads. Time-domain analysis of the aircraft performing an altitude change maneuver and encountering an atmospheric gust is included in the design process. The optimal trade-off between aerodynamics, structures and control system is found by maximizing the endurance subjected to stress and maneuverability constraints. Two cases -with and without load alleviation system -are considered. Due to the proposed MDO framework, the inclusion of load alleviation system in design leads to a significant increase in endurance performance.
I. Introduction
With the advent of multidisciplinary design optimization (MDO) techniques, designers have started to integrate various disciplines in the aircraft design process. The strong coupling between aerodynamics and structures has motivated aircraft designers to apply MDO techniques to aerostructural design problems. Previous work in this area has focused on minimizing the total drag or maximizing the aircraft range by simultaneously optimizing the structural and aerodynamic design variables [1, 2, 3] . In order to improve aircraft efficiency, researchers have also investigated nonplanar lifting surface configurations, where aerostructural optimization are performed to find optimal configurations, such as C-wings, joined wings, and winglets [4, 5] . In all these efforts, the aircraft structures are designed to have optimum cruise performance while withstanding the critical loads corresponding to other flight conditions.
Through the use of multiple control surfaces, active aeroelastic wing technology can be exploited to reduce the wing loading during a flight maneuver [6, 7, 8, 9, 10] . More than 25 years of extensive research in the field of aeroservoelasticity has shown that aeroservoelastic analysis and design should be considered as early as possible in the aircraft design process [11, 12] . One of the earliest works in the field of aeroservoelastic optimization was performed by Suzuki [7] , who minimized wing structural weight by designing the structure and control system simultaneously. Control stability and maximum stress due to an atmospheric gust were the design constraints used in this optimization work. Aerodynamic design, however, was not considered in this work and the aircraft planform was kept unchanged. An aeroservoelastic design framework was also presented by Idan et al. [13] , where the interaction between the aircraft structure and control system was considered. First, a preliminary structural and control optimization was performed separately. The resulting structure and control system were then optimized considering closed-loop control margins and flutter. The same framework was later used to perform simultaneous structural and control optimization in the presence of parameter uncertainty [14] .
Zink et al. addressed the design of structural parameters and gear ratios of a lightweight fighter performing symmetric and antisymmetric (rolling) maneuvers [15] . The optimization formulation was based on static aeroelastic equations. The integrated approach results were compared to those obtained using a sequential approach; the former was shown to be more effective and converged to a lower structural weight. The same authors also considered maneuver load inaccuracies and their effects on the optimum design [16] .
The development of a detailed mathematical model that can integrate flight dynamics with structures and aerodynamics is essential in active aeroelastic wing design. Some of the work that addressed the active aeroelastic wing design adopted quasi-steady flight models, where structural deflections are assumed to have reached their steady-state conditions [17, 15, 18] . Mathematical formulations of flexible aircraft flight dynamics are mainly based on one of two approaches: the mean-axes method, or the quasi-coordinate method. Waszak and Schmidt [19] and Schmidt and Raney [20] developed the equations of motion for a flexible aircraft using the mean-axes method. The use of simple aerodynamic strip theory and the small structural deflections assumption are the main limitations of this formulation. Formulations using the quasi-coordinate method, where the axes are fixed to a specific point of the aircraft, have also been developed [21, 22, 23, 24, 25] . In this work, the mathematical formulations of aircraft flight dynamics is based on the quasi-coordinate method. Several models have been used to evaluate the aerodynamic forces and moments of a flexible aircraft. However, most researchers so far have used the aerodynamic strip theory.
In addition to different approaches used to represent flexible aircraft, different design objectives have also been considered by the researchers. The Previous work on aeroservoelastic synthesis has focused either on achieving the required maneuverability or on designing lighter wings by utilizing load alleviation. However, aeroservoelasticity can also be used to optimize the overall performance of an aircraft by minimizing an objective function, such as endurance, range, or fuel consumption. Also, the design variables used in previous work have mostly been limited to structural and control system parameters, while the aerodynamic shape has been kept constant during optimization. Nam et al. [8] conducted one of the few investigations that considered integrated planform and control system design.
Since simultaneous optimization yields better results than those obtained through performing sequential optimization [26, 15, 27] , the real potential of including aeroservoelastic synthesis in the aircraft design process can only be realized with a simultaneous optimization approach. In a traditional design process, the aircraft configuration is designed first, and the control system is designed second. This traditional approach prevents the flight control system from affecting the aircraft configuration. It has been shown that by designing the aircraft configuration and the control system concurrently, trade-offs between these two design subspaces can improve the aircraft performance [28, 29] .
For flexible aircraft, it is particularly advantageous to include the control system design as one of the disciplines and couple it with the aerodynamics and structures. This approach has the potential to exploit synergies between the three disciplines and yield higher performing aircraft than is possible without this multidisciplinary approach. Also, highly flexible aircraft can deform in unexpected ways under varying atmospheric conditions (e.g. Helios aircraft incident). Among the technical recommendations included in the investigation that followed the Helios crash, the development of more advanced multidisciplinary approaches that include control systems and time-domain analysis methods appropriate to flexible aircraft was emphasized [30] .
The work presented in this paper integrates control system design in an aerostructural design optimization framework for flexible aircraft. Both time dependent maneuvers and gust excitations are considered in this optimization work. The main goal is to study the effect of the control system on the optimal design of the wing and its structure. The objective is to maximize the endurance by using an active control system and designing it concurrently with the aerodynamic shape and structural sizing. Parameters such as wing area, aspect ratio, taper ratio, and wing twist distribution were considered in the design optimization. Design constraints are enforced to ensure structural integrity, satisfactory stall behavior, and desirable flying qualities. The endurance is calculated based on cruise performance. The structural stresses are computed for the duration of an altitude gain maneuver and for the response due to a discrete (1 − cos) gust. The aeroservoelastic model involves the nonlinear equations of motion for a flexible aircraft based on the quasi-coordinate method, which has been derived in previous work by the authors [31, 32, 33] . A vortex-lattice panel method is used to evaluate the aerodynamic forces and moments, and the wing structure is modeled with a beam finite-element model.
In the remainder of this manuscript, the aeroservoelastic formulation is first presented and the general nonlinear form of the equations of motion for a deformable aircraft are derived. The equations for the aerostructural analysis and the state-space form of the linearized equations are then derived in Sections III and IV from the nonlinear equations. The optimization problem and the MDO framework are presented in Section V. Finally, the numerical results of different optimization cases and the conclusions are reported in Sections VI and VII, respectively.
II. Aeroservoelastic Formulation
As mentioned in the previous section, the quasi-coordinate method is adopted in this work to derive the aeroservoelastic equations of motion of a flexible aircraft. The quasi-coordinate method expresses the body movements with respect to a fixed reference frame. Fig. 1 shows a deformable aircraft with its original and deformed wing.
The inertial frame is denoted by F I , while F B is used to denote the body-fixed frame, which is not necessarily connected to the center of mass. The absolute position and velocity of a infinitesimal mass element, dm, on the aircraft is given by
The structural deformations can be expressed in a discrete finite-element formulation or it can be represented as a superposition of the aircraft structural vibration modes. Although the modal representation in dynamic response and stability analysis is widely used, aerostructural (static aeroelastic) analysis is usually based on finite-element methods with thousands of degrees of freedom [34] . This is mainly due to the effect of concentrated forces, such as the weight of external stores, which the modal representation does not capture adequately, unless the structural modes are calculated using large fictitious masses at the locations of the lumped forces [35] . In this work, however, the following modal representation is used for both static and dynamic analysis:
where Φ = φ 1 , . . . , φ n and ξ = ξ 1 , . . . , ξ n T .
A. Kinetic Energy
The kinetic energy of a deformable aircraft can be formulated as follows:
where J is the mass moment of inertia matrix for the rigid aircraft and M ee = Φ T M GG Φ is the modal elastic mass matrix. S 1 and S 2 are the rigid-elastic coupling terms that represent the interaction between the rigid and deformable dynamics. These terms are not the only source of coupling between the rigid and deformable dynamics; interaction also occurs through the aerodynamic forces and moments. If the origin of F B is placed at the undeformed aircraft center of gravity, then v ρr T dv = 0 and the kinetic energy is,
B. Potential Energy The potential energy can be divided into two categories: gravitational energy and strain energy. The gravitational potential energy is,
The strain energy of an elastic system can be written as,
where K ee = Φ T K GG Φ is the modal stiffness matrix.
C. Lagrange's Equation
The generalized coordinates in this problem are R c , θ, and ξ. In aircraft flight dynamics, it is usually more convenient to express the translational and angular velocities in the body frame [36, 37] , i.e.,
However, the body frame velocities cannot be integrated. Therefore, the Lagrange equations in quasi-coordinates are used in this work [38, 39] ,
where L = T − V . Substituting the kinetic and potential energy into Eqns. (9-11) and rearranging them, the equations of motion for the deformable aircraft become:
where, F and M are the total forces and moments in the body frame, including propulsive and aerodynamic forces. The generalized forces due to elastic deformations, f e , are calculated by integrating the product of the modes and nodal aerodynamic pressures over the surface, i.e.,
where, P represents the nodal aerodynamic pressure.
III. Aerostructural Analysis
The aerostructural model used in this work is shown in Fig. 2 . Now that the equations of motion for a flexible aircraft have been derived, the steady-state equations can be obtained. In order to derive the equations for rectilinear flight, all derivatives are set to zero, and so is ω. The equations of motion for a flexible aircraft in a steady flight are,
The above equations are coupled through the aerodynamic forces and moments, and can be used to find the trim parameters (α, δ e ), and the cruise condition wing deformation ( ξ). A Newton-Raphson method is used to solve the coupled system, with gradients computed using the complex-step derivative approximation [40] . In order to accelerate the algorithm, the gradient computations are parallelized and distributed over multiple cores. 
A. Structural Model
The aircraft fuselage and empennage are considered to be rigid. Grid finite elements -also known as torsional beams -are used to model the wing deformations. A grid element has two nodes, each with three degrees of freedom: displacement in the z direction and rotations about the x and y axes. The wing box is approximated as a hollow tube with variable wall thickness along the span. The stiffness and mass matrices for a grid element can be found in Paz and Leight [41] . The stress value is computed from the modal deflections using the following formulation:
where SU is a constant matrix that can be formed when the structural mesh is generated. During the course of the optimization, in order to maintain the same degree of accuracy as the wing structure is changed, the structure modes are re-constructed. Karpel suggests that in a minor design cycle, the structural mode shapes can be kept constant while the modal stiffness and mass matrices are being updated [35] . In this work, due to the application of a swarm-based optimizer, design variables can change significantly at each design cycle, preventing the use of sensitivity information to update stiffness and mass matrices. Therefore, the structural modes shapes are re-calculated for each design cycle evaluation and the stiffness and mass matrices are updated accordingly.
B. Aerodynamic Model
The vortex-lattice method (VLM) is used to calculate the aerodynamic forces and moments. Fig. 3 shows the vortex rings and wake vortices generated for the aerodynamic analysis of the aircraft. The panel and wake vorticities are calculated by enforcing the tangential flow condition at each panel and enforcing the Kutta condition at the trailing edge. The calculated vorticity at each panel is then used to calculate the pressure on each panel; then the rigid and elastic aerodynamic forces and moments can be calculated as follows:
where p jk , A jk , andn jk are the pressure, area, and normal vector for panel j, k, respectively, and φ i | jk is the deflection due to structural mode i at panel j, k. The summation ranges, n c and n s , show the number of elements along the chordwise and spanwise directions, respectively. In order to capture the unsteady aerodynamic loads, a wake roll-up routine has to be linked with the current vortexlattice method. Although such unsteady aerodynamic code can be used directly to calculate the unsteady loads to perform a time-domain gust analysis, the computational burden of this method has made it less attractive to aeroservoelastic practitioners. In order to overcome the above challenge, reduced-order models (ROMs) based on the Volterra theory of nonlinear systems have gained significant attention. The Volterra theory was first used to model unsteady aerodynamic systems by Silva [42] and has since been developed further by other researchers [43, 44, 45, 46] . The combination of this method with a system identification technique such as eigensystem realization algorithm (ERA) can be used to construct state-space matrices (A,B, and C) that represent the generalized aerodynamic forces. More detailed information on the application of the Volterra theory and the ERA to the unsteady aerodynamic modeling can be found in the literature [46] . In this work, however, the dynamic gust response analysis is performed using the quasi-steady aerodynamic loads. The use of quasi-steady aerodynamic loads can help reduce the computational burden.
IV. Aeroservoelastic Control
Substituting the perturbed flight parameters into Eq. (12) and using the first order approximation, the linearized equations about a steady-state rectilinear flight condition become,
Performing sensitivity analysis on aerodynamic forces and moments and substituting into Eq. (21), the state-space representation of an aeroservoelastic aircraft can be written as
where θ is a vector of Euler angles, φ θ ψ T . The effect of a gust on the aircraft is modeled by the matrix B w .
The state-space matrices for an aeroservoelastic aircraft are presented in Appendix A. Elevator and aileron deflections are the two control inputs used in this work. The left and the right ailerons deflect differentially for roll control and can also deflect individually to perform load alleviation. The total control surface deflection for each aileron is calculated by adding these two deflections. By analyzing the system matrices, it can be shown that the current configuration is controllable. In order to make this system observable, the wing deflection has to be measured at least at two points. In this representation, y is the tracked output, which is the aircraft altitude, while z = h δ tip δ mid T is the measured output, which includes the altitude and wing vertical deflections at the tip and mid-span. Based on the measured parameters, an observer is designed to provide all states to the controller. The structural stresses in the wing are directly proportional to the modal displacements, as shown in Eq. (17) . Therefore, by regulating them to zero, the instantaneous stress can be controlled to be closer to the cruise level.
Based on the above explanation, the state-space representation is used to design a control system that performs altitude tracking and regulates structural deformations in order to lower the maximum stress during the maneuver. We use a linear quadratic (LQ) controller, with the cost function
The key for designing a successful LQ controller is the selection of the weighting matrices Q and R. We assemble the Q matrix using two coefficients: q rigid and q elastic , yielding
These two variables are assigned to the optimizer as design variables. In order to speed up the optimization process, the R matrix that is used to penalize the control deflections is fixed during the optimization. A proper value for the R matrix is selected by trial and error before starting the optimization.
The control input to the system is u = −K( x − x ref ), where K is the gain matrix, and x ref represents the desired values for the state vector. In order to design a realistic control system, control surface deflections are limited by upper and lower bounds. Two cases are presented below to highlight the effect of the proposed control system on the aircraft structural loading; the obtained results are presented in Section VI.
V. Problem Formulation

A. Design Variables
The objective of this framework is to surpass the current aircraft endurance limits through the use of an active load alleviation system that is designed concurrently with the rest of the aircraft. In the optimization problem solved here, design variables from all three disciplines are included. The aerodynamic design variables are the aspect ratio (AR), wing area, and the wing spanwise twist distribution (γ i ). The structural sizing is represented by the spar wall thicknesses (t i ). Finally, the weighting parameters q rigid and q elastic , are the control discipline design variables.
B. Flight Conditions
Two different flight conditions are analyzed here: an altitude change maneuver and a flight through a sharp vertical gust. Both conditions are selected to study the effect of inertial and aerodynamic loads on aircraft structure and the design optimization. It should be noted that both study cases represent longitudinal flight conditions. In the first maneuver, the aircraft is commanded to gain 1,000m in 40s. Unfortunately, there are no published performance requirements for high-altitude long-endurance very flexible aircraft. However, Shearer and Cesnik [47] have considered a very flexible aircraft as a large transport type aircraft (class III-L) and used a maximum climb rate of 10.16m/s at sea level as a guideline for control design. In this work, a fast maneuver is performed resulting in large wing loadings. For the second flight condition, a (1 − cos) discrete gust profile is used to generate large wing loadings. The gust profile is generated using
wherew g is the maximum gust velocity, and L g is the gust length, in terms of the time needed for a point in the aircraft to travel across its length. In this workw g is set to 4.575m/s and a value of 0.5s is used for gust length.
C. Constraints
Two constraints are enforced: one guarantees the structural integrity by constraining the maximum stress in the structure for the duration of the maneuver or gust; while the other ensures maneuvering capability by limiting the altitude error at 40s after the start of the maneuver. The aircraft is required to climb from 2,000m to 3,000m. The addition of the altitude constraint at 40s ensures that the optimizer achieves load alleviation capability without sacrificing the aircraft maneuverability. A gust strength of 4.575m/s (15 fps) is used for the optimization, which is the same as the gust strength used for the control system simulation. In order to reduce the number of structural constraints, the constraints are aggregated using the KreisselmeierSteinhauser (KS) function [48] . For a vector of constraints g i ≤ 0 (i = 1, . . . , n) the KS function is a differentiable function that has the form,
where ρ KS is a parameter that controls the proximity of the function to the maximum of the constraints, as we can infer from the inequality property,
Based on this property, all stress constraints can be enforced by the single constraint,
where,
A more detailed analysis of the properties of KS function and its application to optimization problems can be found in previous work [48, 49] . In this optimization, the taper ratio is fixed. Therefore, increasing the aspect ratio may decrease the wing chord, resulting in high sectional lift coefficients near the wing tips. In order to avoid tip stall, the stall speed of the designed wing is required to be smaller than that of the baseline wing. In order to satisfy this condition, all sectional lift coefficients must be lower than C lmax , the maximum sectional lift coefficient of the baseline wing, i.e.
The same technique used for aggregating the structural constraints is used to aggregate the the stall constraints:
In this design problem, the thickness-to-chord ratio is fixed for the whole wing, and therefore, the spar diameter depends on the local chord. Ultimately, this means that the spar diameter decreases as the aspect ratio increases. The spar wall thickness is bounded below by the minimum gauge thickness and above by the spar radius. Spar thicknesses and wing twist angles are varied at six locations along the span, and the intermediate values are linearly interpolated.
D. Optimization Problem
The complete optimization problem is as follows:
10 ≤ AR ≤ 20 10 ≤ q rigid ≤ 100 500 ≤ q elastic ≤ 1500
Since the wing area (S ref ) can change during the course of the optimization, the viscous drag must be considered in the endurance calculation. The drag coefficient used in this work takes into account both the induced drag and the viscous drag. The induced drag is calculated using the previously described vortex-lattice panel code; the viscous drag is estimated using an empirical formulation based on the wet-surface area.
While the structural and aerodynamic parameters directly affect the endurance through weight and aerodynamic performance, the control parameters have an indirect effect on the objective function through load alleviation. A simple linear control theory can be used to explain the effect of the control parameters on the final design. A system's steady-state error is dependent on the choice of gain matrix, K. Therefore, different values of control weighting parameters result in different gain matrices that can affect the altitude constraint. However, maximum stress can be related to the maximum overshoot of the structural modes amplitudes, which is related to the eigenvalues of the system. The system's eigenvalues depend on the gain matrix, which itself depends on the weighting parameters. The limits for q rigid and q flexible are selected through a trial-error process. Although the R matrix is selected to penalize the control deflections and avoid controls saturation, large values of q rigid and q flexible can result in controls saturation over a long period of time, which can destabilize the aircraft. Therefore, an upper limit is used to avoid prolonged controls saturation. However, as this type of aircraft is marginally stable, a sharp atmospheric gust can result in excessive oscillations. As a result, a lower bound is set in place for q rigid and q flexible to avoid low gain controllers that cannot damp out the gust-induced oscillations effectively. The flow diagram for the aeroservoelastic optimization is shown in Fig. 4 .
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Objective and Constraints
Aerostructural trim An augmented Lagrange multiplier particle swarm optimizer (ALPSO) is used to solve the proposed optimization problem. This is a gradient-free algorithm that tends to find global optima, and this particular version can solve constrained problems [50] . Due the presence of multiple local minima, a gradient-free optimizer is chosen over a gradient-based optimizer.
VI. Results
A. Baseline Model A high altitude long endurance (HALE) UAV with a large aspect ratio is the focus of this study. The geometry of the baseline aircraft is shown in Fig. 5 and the geometric parameters are listed in Table 1 . More detailed information about this UAV can be found in Shearer and Cesnik [23, 47] . The chord-wise location of the spar is set to 45% of the chord. The design cruise and stall speeds are set to 80m/s and 60m/s, respectively. A maximum airfoil lift coefficient of 1.6 is used for the stall calculations. The value of ρ KS in the KS function is set to 100. The initial and final altitudes for the altitude gain maneuver are set to 2,000m and 3,000m, respectively.
B. Control System Design
The proposed control system is integrated with the aircraft dynamics. First, a control system that performs an altitude gain maneuver with and without load alleviation is designed. The results highlight the effect of the load alleviation system on the maximum stress (σ max ) value. As shown in Fig. 6 , both control systems show satisfactory climb performance. However, when the load alleviation system is used, the same climb rate can be achieved with lower structural stresses, as seen in Fig. 6 . This is due to the fact that when load alleviation is used, the structural relaxation is performed by applying the ailerons, as shown in Fig. 7 . As expected, lower elevator deflections are applied when the load alleviation is not used. When the load alleviation is used, the structural stresses induced by a faster maneuver (higher elevator deflection) are suppressed by applying the ailerons symmetrically.
Another simulation was performed to show the gust load alleviation capability of the control system. The results are shown in Figs. 8 and 9 . The load alleviation system reduces the structural stress significantly. However, when the system is off, the controller cannot stabilize the aircraft within the same time period. The absence of the load alleviation system causes excessive structural stress when the aircraft is passing through atmospheric turbulence.
C. Aeroservoelastic Optimization
Two design optimization cases are considered: one with load alleviation and the other without. The optimized endurance and design variable values are summarized in Table 2 The optimization results presented in Table 2 show that the optimization of the load alleviation system in the design procedure results in a significantly lighter wing structure (41.5% ligher). The optimization results plotted in Fig. 10 show that the spar thickness decreases monotonically when load alleviation is used. However, the optimal thickness distribution is different when load alleviation is not employed: a significant amount of material is added near the tip. When the active load alleviation system is not used, the optimizer is forced to explore passive design options. Increasing the wing tip mass can help stabilize the aircraft and lower the maximum stress when encountering an atmospheric turbulence. The increase of the wing tip thickness effectively adds mass to the wing tip. It can be shown that a lower added tip mass would result in control effector saturation and aircraft instability. In this work, only an upward wind gust is considered. However, increasing the wing tip mass would also be helpful in reducing the maximum stress of a flexible wing passing through a downward gust. In order to satisfy the stress constraints without using the added mass at the tip, a much higher thickness near the wing root would be required, resulting in a far heavier aircraft.
The converged values of control weighting parameters listed in Table 2 and the altitude and load factor time history (Fig. 13) show that both the cases achieve comparable performance in the climb maneuver. Fig. 12 shows the lift coefficient distribution at the reference stall speed of 60m/s. The stall constraint is satisfied in both cases. However, when load alleviation is not employed, the wing area is 14.5% higher than the wing area when load alleviation is considered. This is mainly due to the weight of the wing structure, which is 41.5% higher than the weight of the wing that uses the load alleviation system. Finally, the results show that the aircraft endurance is increased by 21.7% when an active load alleviation system is used and optimized concurrently with the wing aerodynamics and structural sizing. 
VII. Conclusions
In this work, the design optimization of an active load alleviation control system has been integrated with the the design optimization of the aerodynamic shape and structural sizing of a UAV. The equations of motion for an aircraft with a flexible wing were derived in order to perform the time-dependent analysis, which can handle large rigid-body motions with structural deformations. The analysis framework was used to compare two design cases: one for which the control system simply worked towards achieving or maintaining a target altitude, and another where the control system was also performing load alleviation. The use of the active load alleviation system resulted in a 21.7% improvement in the endurance relative to the optimum result without load alleviation. The results show that the inclusion of control system discipline along with other disciplines at the early stages of aircraft design improves aircraft performance. It was also shown that structural stresses due to gust excitations can be better controlled by the use of active structural control systems. In the future, we expect that the inclusion of more sophisticated maneuvers, including asymmetric ones, will show that the integration of the active load alleviation system design with the design of the wing will result in further increases in performance. 
